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Abstract. In this paper we define a topological class of branched covering maps 
of the plane called topological exponential maps of type (p, q) and denoted by l~E Ptq . 
We prove that an element / € TE Viq with finite post-singular set is combinatorially 
equivalent to an entire map of the form Pe® , where P is a polynomial of degree 
p and Q is a polynomial of degree q if and only if / satisfies a bounded geometry 
condition. 



1. Introduction 

Thurston asked the question "when can we realize a given branched covering map 
as a holomorphic map in such a way that the post-critical sets correspond?" and 
answered it for post-critically finite degree d branched covers of the sphere with 
2 < d < oo, [U IDHj . His theorem is that a postcritically finite degree d > 2 
branched covering of the sphere, with hyperbolic orbifold, is either combinatorially 
equivalent to a rational map or there is a topological obstruction, now called a 
"Thurston obstruction" . The rational map is unique up to conjugation by a Mobius 
transformation. 

Thurston's theorem does not naturally extend to transcendental maps because 
the proof uses the finiteness of both the degree and the post-critical set in a crucial 
way. Hubbard, Schleicher, and Shishikura |HSSj generalized Thurston's theorem to 
a special infinite degree family they call "exponential type" maps. In that paper, 
the authors study the limiting behavior of quadratic differentials associated to the 
exponential functions with finite post-singular set. They use a Levy cycle condition 
(a special type of Thurston's topological condition) to characterize when it is possible 
to realize a given exponential type map with finite post-singular set as an exponential 
map by combinatorial equivalence. 

In this paper, we study a class of entire maps: maps of the form Pe® where P and 
Q are polynomials of degrees p and q respectively. This class, which we denote by 
S Pt g includes the exponential and polynomials. We call the topological family these 
analytic maps belong to TE p ^ q and define it below. Thurston's question makes sense 
for this family and our main theorem is an answer to this question. Our condition 
that a post- singularly finite map in TE Ptq is combinatorially equivalent to an entire 
map is, however, analytic and not topological. Our approach is to use the "bounded 
geometry" point of view which we used in our previous study of rational maps in |ZJl 
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ICJ1[ ICJ2] (see [Ji] for an outline and more details) where the bounded geometry 
condition is an intermediate step that connects various topological obstructions with 
the characterization of rational maps. The introduction of this intermediate step 
makes understanding the characterization of rational maps relatively easier and the 
arguments are more straightforward (see [JU ICJlj ). The bounded geometry point 
of view turns out to be useful for characterizing entire and meromorphic maps. We 
used it previously for the simple family of meromorphic maps with two asymptotic 
values jUJK] . 

In this paper we apply our techniques to characterize the larger class of post- 
singularly finite entire maps with exactly one asymptotic value and finitely many 
critical points, the model topological space TE pq . Our main result is 

Main Theorem. A post-singularly finite map in TE p q is combinatorially equivalent 
to a post-singularly finite entire map of the form Pe® if and only if it has bounded 
geometry. 

Our techniques involve adapting the Thurston iteration scheme to our situation. 
We work with a fixed normalization. There are two important parts to the proof of 
the main theorem. The first is Theorem [3] which says that the bounded geometry 
condition implies convergence of the iteration scheme to an entire function of the 
appropriate type. Its proof is again divided into two parts. The first is an anal- 
ysis of the topology of pre-images of one of the normalized points and the second 
is an analysis of the behavior of critical points and critical values for degenerating 
polynomials. The second part of the proof of the main theorem uses an analy- 
sis of quadratic differentials associated to our functions, which together with the 
compactness, shows that the limit function actually realizes the model map. 

The paper is organized as follows. In §2, we review the covering properties of 
(p, q) -exponential maps E = Pe Q . In §3, we define the family TE pq of (p,q)- 
topological exponential maps /. In §4, we define a topological constraint for the 
function / by particular choices of pre-images of the normalized point, and if / is 
post-singularly finite, choices of pre-images of the post-singular points. In §5, we 
define the combinatorial equivalence between post-singularly finite (p, g)-topological 
exponential maps. In §6, we define the Teichmiiller space Tf for a post-singularly 
finite (p, g)-topological exponential map / and in §7, we introduce the induced map 
o~f from the Teichmiiller space Tf into itself which is the crux of the Thurston 
iteration scheme. In §8, we define the concept of "bounded geometry" and in §9 
we show how bounded geometry implies compactness in £ pq . This argument is 
complicated so in order to clarify the ideas we divide it into two parts. We first 
prove that bounded geometry implies compactness in £ , g for 1 < q < oo and then 
we give the more general argument to prove bounded geometry implies compactness 
in £ Piq for all p and q. In §10, we state and prove our main result. In the final section, 
§11, we make some remarks about the relations between "bounded geometry" and 
"canonical Thurston obstructions" and between "bounded geometry" and "Levy 
cycles" in the context of TE pq . 
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We hope, and are working on eventually showing, that our main theorem can be 
used as an intermediate step to establishing a topological condition for combinatorial 
equivalence in this family such as the non-existence of a "Levy cycle" or "canonical 
Thurston obstruction" (see §11). We note that even for finite degree covering maps 
the "Thurston obstruction" or "Levy cycle" condition has the serious limitation 
that the criteria are not easy to check, even though they are purely combinatorial- 
topological. 
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2. The space E va of (p, g)- Exponential Maps 

We use the following notation: C is the complex plane, C is the Riemann sphere 
and C* is the complex plane punctured at the origin. 

A (p, q) -exponential map is an entire function of the form E = Pe Q where P and 
Q are polynomials of degrees p > and q > respectively such that p + q > 1. We 
use the notation £ p ^ q for the set of (p, g)-exponential maps. 

Note that if P(z) = a + a x z + . . . a p z p , Q(z) = b + b 1 z + . . . b q z q , P(z) = e b °P(z) 
and Q(z) — Q(z) — bo then 

P(z)e Q(z) = Pe^ z) . 

To avoid this ambiguity we always assume b = 0. If q — 0, then E is a polynomial of 
degree p. Otherwise, E is a transcendental entire function with essential singularity 
at infinity. 

The growth rate of an entire function / is defined as 

log log M(r) 
hm sup : — 

r ^oo log T 

where M(r) = sup| z | =r |/(z)|. It is easy to see that the growth rate of E is q. 

Recall that an asymptotic tract V for an entire transcendental function g is a 
simply connected unbounded domain such that g(V) C C is conformally a punctured 
disk D \ {a} and the map g : V — > g(V) is a universal cover. The point a is the 
asymptotic value corresponding to the tract. For functions E in £ pq we have 

Proposition 1. If q > 1, E has 2q distinct asymptotic tracts that are separated by 
2q rays. Each tract maps to a punctured neighborhood of either zero or infinity and 
these are the only asymptotic values. 



4 



TAO CHEN, YUNPING JIANG, AND LINDA KEEN 



Proof. From the growth rate of E we see that for \z\ large, the behavior of the 
exponential dominates. Since Q(z) = b q z q + lower order terms, in a neighborhood 
of infinity there are 2q branches of %IQ = asymptotic to equally spaced rays. In 
the 2q sectors defined by these rays the signs of !RQ alternate. If j(t) is a curve 
such that lim^oo j(t) = oo and j(t) stays in one sector for all large t, then either 
lim^oo £'(7(i)) = or lim^oo E(^(t)) = oo, as is negative or positive in the 
sector. It follows that there are exactly q sectors that are asymptotic tracts for 
and q sectors that are asymptotic tracts for infinity. Because the complement of 
these tracts in a punctured neighborhood of infinity consists entirely of these rays, 
there can be no other asymptotic tracts. □ 

Remark 1. The directions dividing the asymptotic tracts are called Julia rays or 
Julia directions for E. If j(t) tends to infinity along a Julia ray, E(j(t)) remains 
in a compact domain in the plane. It spirals infinitely often around the origin. 

Two (p, (^-exponential maps E\ and E 2 are conformally equivalent if they are 
conjugate by a conformal automorphism M of the Riemann sphere C, that is, E\ = 
M o E 2 o M~ l . The automorphism M must be a Mobius transformation and it must 
fix both and oo so that it must be the afline stretch map M(z) = az, a ^ 0. We 
are interested in conformal equivalence classes of maps, so by abuse of notation, we 
treat conformally equivalent (p, q) -exponential maps E\ and E 2 as the same. 

The critical points of E = Pe® are the roots of P' + PQ' = 0. Therefore, E has 
p + q — 1 critical points counted with multiplicity which we denote by 

&e = {ci, • • • , C p+q -i}. 

Note that if E = then P = 0. This in turn implies that if c G He maps to 0, then 
c must also be a critical point of P. Since P has only p — 1 critical points counted 
with multiplicity, there must be at least q points (counted with multiplicity) in Q 
which are not mapped to 0. Denote by 

Qe,o = {ci, • • • ,c fc }, k<p-l, 

the (possibly empty) subset of consisting of critical points such that E(ci) = 0. 
Denote its complement in VLe by 

Qe,1 = \ &E,0 = {Cfe+l, • • • , c p+q ^i). 

When q = 0, E is a polynomial. The post-singular set in this special case is the 
same as the post-critical set. It is defined as 

P E = U {oo}. 

To avoid trivial cases here we will assume that #(Pe) > 4. Conjugating by an afline 
map z — > az + b of the complex plane, we normalize so that 0, 1 G Pe- 

When q — 1 and p = 0, Qe — and £q,i consists of exponential maps Xe z , A G C*. 
The post-singular set in this special case is defined as 

P E = U n > £™(0) U {oo}. 
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Conjugating by an affine stretch z i— > az of the complex plane, we normalize so that 
E(0) = 1. Note that the family Xe z after this normalization takes the form e Xz . 
When q > 2 and p = or when q > 1 and p > 1, Qe,i is a non-empty set. Let 

denote the set of non-zero critical values of E. The post-singular set for in the 
general case is now defined as 

P E = U n > £"(VU{0}) U {oo}. 

We normalize as follows: 

If E does not fix 0, which is always true if q > 2 and p = 0, we conjugate by an 
affine stretch z — > az so that E(0) = 1. 

If -E'(O) = 0, there is a critical point in Ck+i in Qe,i with Ck+i ^ and v\ = 
E(ck+i) 7^ 0. In this case we normalize so that v\ = 1. The family £\ t \ consists of 
functions of the form \ze^ z . After normalization they take the form 

Xze- Xz/e . 

3. Topological Exponential Maps of Type (p, q) 

We use the notation M. 2 for the Euclidean plane. We define the space TE VA of 
topological exponential maps of type (p,q) with p + q > 1. These are branched 
coverings with a single finite asymptotic value, normalized to be at zero, modeled 
on the maps in the holomorphic family £ p ^ q . For a full discussion of the covering 
properties for this family see Zakeri [Zj, and for a more general discussion of maps 
with finitely many asymptotic and critical values see Nevanlinna [N] . 

If q = 0, then TE PtQ consists of all topological polynomials P of degree p: these 
are degree p branched coverings of the sphere such that / _1 (oo) = {oo}. 

If q = 1 and p = 0, the space TE Qt i consists of universal covering maps / : 1R 2 — > 
M 2 \ {0}. These are discussed at length in |HSS] where they are called topological 
exponential maps. 

The polynomials P and Q contribute differently to the covering properties of maps 
in £ p q . As we saw, the degree of Q controls the growth and behavior at infinity. 
Using maps e Q as our model we first define the space TE Q q . 

Definition 1. If q > 2 and p = 0, the space TEq q consists of topological branched 
covering maps f : 1R 2 — > 1R 2 \ {0} satisfying the following conditions: 

i) The set of branch points, = {c G M 2 deg c / > 2} consists ofq — 1 points 
counted with multiplicity. 

ii) Let V = {vi, ■ ■ ■ ,v m } = /(^/) C M 2 \ {0} be the set of distinct images of 
the branch points. For % = 1, ... ,m, let Li be a smooth topological ray in 
M 2 \ {0} starting at V\ and extending to oo such that the collection of rays 
{Li, • • • , L m } are pairwise disjoint. Then 
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(1) consists of infinitely many rays starting at points in the preim- 
age set / -1 (t>j). If x G / _1 (i>i) H Qf, there are d x = deg x f rays meeting 
at x called critical rays. If x e \ Clf, £/iere on/y one ray 
emanating from x; it is called a non-critical ray. Set 

W = R 2 \{U™iL t U{0}). 

(2) The set of critical rays meeting at points inflf divides f _1 (W) into q = 
1 + ^2 ce Q f (d c — 1) open unbounded connected components W 1 , • • • , W q . 

(3) / : Wi — )■ W is a universal covering for each 1 < i < q. 

Note that the map restricted to each Wi is a topological model for the exponential 
map z^r e z and the local degree at the critical points determines the number of Wi 
attached at the point. 

We now define the space TE Ptq in full generality where we assume p > and 
there is additional behavior modeled on the role of the new critical points of Pe® 
introduced by the non-constant polynomial P. 

Definition 2. If q > 1 and p > 1, the space TE pq consists of topological branched 
covering maps f : IR 2 — » IR 2 satisfying the following conditions: 

i) / _1 (0) consists of p points counted with multiplicity. 

ii) The set of branch points, = {c 6 R 2 deg c / > 2} consists of p + q — 1 
points counted with multiplicity. 

iii) Let Qf i0 — Qf n / _1 (0) be the k < p branch points that map to and Qf ;1 = 
Qf\Qffl the p+q — l — k branch points that do not. Note that CI contains at 
least q points and V = {v\, ■ ■ ■ ,v m } = is contained in IR 2 \ {0}. For 
i — 1, . . . , m, let Li be a smooth topological ray in M? \ {0} starting at Vi and 
extending to oo such that the collection of rays {L\, • • • , L m ^ are pairwise 
disjoint. Then 

(1) consists of infinitely many rays starting at points in the pre- 
image set If x e there is only one ray emanating 
from x; this is a non-critical ray. If x e H there are d x = 
deg x f critical rays meeting at x. Set 

^ = M 2 \(U™ 1 (L l )U{0}). 

(2) The collection of all critical rays meeting at points in Q / ; i divides f~ x (W) 
into I = p + q — k = 1 + J2 ceQf 1 (d c — 1) open unbounded connected com- 
ponents. 

(3) Set f-^O) = {a^Zi where the Oi are distinct. Each Oi is contained 
in a distinct component of f~ l (W); label these components W^o, i = 
1, . . .p — k. Then the restriction f : W^o \ { a i} W is an unbranched 
covering map of degree di = deg a J where di > 1 if Oj e il/,o and di — 1 
otherwise. 

(4) Label the remaining q connected components of f^ 1 (W) by W^\, j = 
1, . . . q. Then the restriction f : W^\ — > W is a universal covering map. 
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In Figure 1 we have drawn the configuration for f(z) = (2;+l)e^ 1+47rJ - )22 . The larger 
points are the critical points and the smaller points are zero, 1 and the critical values. 
For computational reasons the curves are the pre-images of full lines through the 
critical values and zero rather than rays. 




-1.0 -0.5 0.0 0.5 1.0 

Figure 1. The lines f'^h) for f(z) = (z + l)e (1+47ri)z2 with critical 
points and singular values 



In section 3 of [Z], Zakeri proves that the (p, g)-exponential maps are topological 
exponential maps of type (p, q). The converse is also true. 



8 TAO CHEN, YUNPING JIANG, AND LINDA KEEN 

Theorem 1. Suppose f G TE vq is analytic. Then f = Pe® for two polynomials P 
and Q of degrees p and q. That is, an analytic topological exponential map of type 
(p,q) is a (p,q)- exponential map. 

Proof. If q = 0, then / is a polynomial P of degree p. 

If q > 1, then / is an entire function with p roots, counted with multiplicity. 
Every such function can be expressed as 

f(z) = P{z)e 9(z) 

where P is a polynomial of degree p and g is some entire function (see [XH Section 
2.3]). 
Consider 

f'(z) = (P(z)g'(z) + P'(z))e^\ 

It is also an entire function, and by assumption it has p + q — 1 roots so that Pg' + P' 
is a polynomial of degree p + q — 1. It follows that g' is a polynomial of degree q — 1 
and g = Q is a polynomial of degree q. □ 

Note that if / G TE pqi q ^ 0, the origin plays a special role: it is the only point 
with finitely many pre-images. The conjugate of / by z h-> az, a G C*, is also in 
TE P)q ] we call conjugate maps equivalent 

For / G TE Pt g, we define the post-singular set as follows: 

i) When q = 0, E is a polynomial and, as mentioned in the introduction, is 
treated elsewhere. We therefore always assume q > 1. 

ii) When q—1 and p = 0, the post-singular set is 

Pf = U n > /"(0) U {cx)}. 

We normalize so that /(0) = 1 G P/. 

iii) When q > 1 and p > 1, the set of branch points is 

n f = {cGM 2 | deg c />2} 

and the post-singular set is 

P f = lW"(VU{0}) U {oo}. 

If g > 1 or if q = 1 and /(0) ^ 0, we normalize so that /(0) = 1 G P/. If 
/(0) = 0, then, by assumption, there is a branch point c^+i ^ such that 
V\ = /(cjfc+i) 7^ 0. We normalize so that t>i = 1. 

To avoid trivial cases we assume that #(P/) > 4. 

It is clear that, in any case, Pf is forward invariant, that is, 

f(P f \ {oo}) U {oo} C P f 

or equivalently, 

r l (P/\{oo})U{oo}DP/. 
Note that since we assume g > 1, / _1 (P/ \ {oo}) \ (P/ \ {oo}) contains infinitely 
many points. 
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Definition 3. We call f 6 TE pq post-singularly finite if < oo. 



4. Topological Constraints 

Consider / 6 TE pq . By our normalization, the asymptotic value is and either 
/(0) = 1 or /(0) = and f(c) = 1 for some critical point c. In either case, the point 
1 belongs to Pf. We will define a topological constraint for / based on a path from 
to /(l) that passes through 1. Up to homotopy relative to Pf , there are many 
choices for such a path but once a path is picked, it will be fixed in the rest of the 
paper. This choice gives us a partial marking of the space (IR 2 U {oo}) \ Pf. 

Recall the notation {Li}, W, and {W^o, Wij} from section [3 We saw there that 
/ : Wi t o — > W is a branched covering of finite degree with only one branch point 
a i e Each W ij0 is bounded by curves in / _1 (Lj) and is the union of finitely 

many fundamental domains for /. Each Wj t \ is a universal covering of W, is bounded 
by curves in / _1 (Lj) and is the union of infinitely many fundamental domains for /. 
The Julia direction is the asymptotic direction of a path extending to oo that crosses 
all these fundamental domains transversally. Note that the fundamental domains 
for each Wj 7 \ depend on a choice of a path from the asymptotic value to infinity 

First assume /(0) = 1. Let 7 be a smooth curve connecting and 1 in IR 2 disjoint 
from Qf U Pf, except for its endpoints and 1, and such that its intersection with 
any curve in / _1 (Lj) is a single point. Assume further that 7 traverses at least 
one full fundamental domain for / in the component of f~ 1 {W) containing 0; it can 
only pass through finitely many fundamental domains since its image is a compact 
subset in IR 2 . The image curve /(70) is a continuous curve that spirals around but, 
is in general, not closed. Adjusting the choice of fundamental domains if necessary, 
the point lies inside some Wifi or Wj t i and inside some fundamental domain F of 
Wifl or Wj t i. There is a unique point of in F, which we denote by a. Let 

71 be a smooth curve wholly contained in F joining to a and set 7 = 70 U 71. The 
image f(j) has both endpoints at /(l) = f(a) and so is a closed curve. 

In the following figures we illustrate this with the function E(z) = (z+l)e^ 1+4ni ^ z . 
Note that E(l) = 2e. In Figure 2 we see pre-images of the real axis and the vertical 
line, 3lz = 2e. The points marked are zero, 1 and the point a = in a 

fundamental domain containing zero. We take 70 as the line joining 1 to and 71 
as the line joining to a. In Figure 3 we have drawn the closed curve /(7). We 
have marked the points 1 and /(l). We see that it spirals around the origin with 
winding number 2. This is a reflection of the Ani in the coefficient of Q. 

If /(0) = 0, / is normalized so that there is a critical point c / such that 
f(c) = 1 and there is a similar construction for the curve 7 with c playing the role 
of 0. Now let 70 be a smooth curve connecting c and 1 in IR 2 disjoint from QfUPf, 
except for its endpoints c and 1, and such that its intersection with any curve in 
is a single point. The construction proceeds exactly as above. Assume 
that 70 traverses at least one fundamental domain fully and, again, it can only pass 
through finitely many fundamental domains. The curve /(70) is a continuous curve 
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spiraling around but, in general, is not closed. Consider the fundamental domain 
F containing c. In F there is a unique point of which we denote by a. Again 

let 71 be a smooth curve wholly contained in F joining c to a and set 7 = 70 U 71. 
The image f{pi) has both endpoints at /(l) = f\a) and so is a closed curve. 

In either case, the winding number rjo of the curve fi^y) is a topological invari- 
ant. Thus, if E G £ Pj q is topologically conjugate to /, the winding number puts 
a constraint on the coefficients of Q; in particular, they are bounded in the Julia 
directions. 

In section [7] we define the Thurston map and in section [9j given /, we iterate the 
map to generate a sequence of functions E n = P n e® n . In this iteration process the 
E n are all topologically conjugate to / so the winding number is the same for all of 
them and coefficients of the Q n are restricted. This constraint plays an important 
role in the proof of our main theorem. 

If / G FEp )q is post-singularly finite there are additional topological invariants. 
The asymptotic value and the critical values in V are periodic or pre-periodic so 
that Pf contains r distinct periodic cycles and each cycle has period n i: i = 1, . . . , r. 
Denote the cycles by 
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where each = f ki (v) for some v e V and fcj > 0, and o^o = / fc< ~ 1 ( , y) does not 
belong to the cycle. 

For each i, x i)0 belongs to the closure of one of the components W^q of f~ l (W). 
Moreover, it is a particular pre- image in this component; we need to keep track of 
this information. We do this by defining closed curves 7, in essentially the same 
way we did above. The choices we make in the construction are tantamount to a 
marking of the space (1R 2 U {00}) \ Pf. 

For each of the pairs of points (xi,o, we choose a smooth curve 7^0 in M? 
joining them so that 7^0 is disjoint from O/U?/ except at its endpoints x^o and 
and such that it intersects any curve in {/ _1 (Lj)} in at most one point. As above, 
we assume that 7^0 traverses at least one fundamental domain in W^o fully and note 
that since its image is a compact subset in M 2 , it can only pass through finitely many 
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fundamental domains. The image /(7i ) o) is a continuous curve spiraling around but 
is not, in general, a closed curve. Consider the fundamental domain Fi containing 
Xifl. In Fi there is a unique point of f~ 1 (xi j i), which we denote by Oj. We extend 
7^0 to a smooth curve ji with endpoints x^i and a« by joining x^q and by a curve 
wholly contained in Fj so that the curve f(ji) is a closed curve. This closed curve 
has a well-defined winding number r]i about the origin. The winding numbers rji 
are additional topological invariants; they depend only on the choice of the curves 
7j. The full set of winding numbers, rjf = {rjo, T]x, . . . , r] r } is an invariant of the 
topological conjugacy class of /. This invariant controls the coefficients of Q for 
E = Pe Q G E P! q conjugate to / ; as we noted above, this constraint will play an 
important role in the Thurston iteration process later in the paper. 

We note that in the special case where / is an exponential type map, that is 
/ G TEqi, there is only one periodic cycle and the winding number counts the 
number of periodic strips (or fundamental domains) between xq and x n -\. Our 
marking in this case is equivalent to the one given in |HSS] even though there 
the periods are all fixed whereas in our normalization the periods depend on the 
parameters. 

5. Combinatorial Equivalence 

Definition 4. Suppose f,g are two post-singularly finite maps in TE pq . We say 
that they are combinatorially equivalent if there are homeomorphisms 4> and ip of 
the sphere S 2 = IR 2 U {oo} fixing and oo such that <po f = gotp on IR 2 and _1 o ifj 
is isotopic to the identity of S 2 rel Pf . 

The commutative diagram for the above definition is 

™9 V> ™9 



/ 



Consider M 2 U {oo} equipped with the standard conformal structure as the Rie- 
mann sphere. Then / G TE vq is a map from C into itself. We say / G TE vq is 
locally K -quasiconformal for some K > 1 if for any z G C \ fl/ U {0}, there is a 
neighborhood U of z such that /:[/—>■ f(U) is X-quasiconformal. 

Lemma 1. Any post-singularly finite f G TE p , q is combinatorially equivalent to 
some locally K- quasiconformal map g G TE pq . 

Proof. Let D be a disk in M. 2 so large that it contains fl;UP/\ {oo}. Since D 
is compact, / restricted to Do has finite degree. Therefore we can find a map 
fo : A) -> /(-Do) such that f (z) = f(z) for z G fi/ U P f \ {oo} U dD and / is 
isotopic to / and locally .Ko-quasiconformal for some Kq for all other z G Dq. The 
complement of Dq in K consists of domains Di, i = 1, . . . , q each a universal cover 
of a punctured neighborhood of zero, separated by q curves tending to infinity. On 
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each Di, we can find a i^-quasiconformal map (pi such that fi = exp o is isotopic 
to / and / = / on dD fl V$. Set g — fi on each Dj, 2 = 0, . . . , g; then g is isotopic 
to / on M 2 rel P/ and g is fC-quasiconformal for K = max Ki. □ 

Thus without loss of generality, in the rest of the paper, we will assume that any 
post-singularly finite / G TE PtQ is locally .fT-quasiconformal for some K > 1. 

6. Teichmuller Space T f 

Recall that we denote IR 2 U {oo} equipped with the standard conformal structure 
by C. Let M = {/x G L°°(C) | ||/i||oo < 1} be the unit ball in the space of all 
measurable functions on the Riemann sphere. Each element /i G M. is called a 
Beltrami coefficient. For each Beltrami coefficient fx, the Beltrami equation 

has a unique quasiconformal solution which maps C to itself fixing 0, 1, oo. More- 
over, w^" depends holomorphically on fi. 

Let / be a post-singularly finite map in TE P)q with post-singular set Pf. The 
Teichmuller space T(C, Pf) is defined as follows. Given Beltrami differentials /i, v G 
Ai we say that \i and z/ are equivalent, and denote this by fj, ~ is, if (w^) -1 o 
is isotopic to the identity map of C rel Pf. The equivalent class of ji under ~ is 
denoted by We set 

Tf = T(£,P f ) = M/~. 
It is easy to see that Tf is a finite-dimensional complex manifold and is equivalent 
to the classical Teichmuller space Teich(C\Pf) of Riemann surfaces with basepoint 
C \ Pf. Therefore, the Teichmuller distance dx and the Kobayashi distance dx on 
Tf coincide. 

7. Induced Holomorphic Map a f 

For any post-singularly finite / in TE PS , there is an induced map a — Of from 
Tf into itself given by 

where 

(i) = m^Mmm ; ^ ) = i. 

It is a holomorphic map so that 

Lemma 2. For any two points r and r in Tf, 

d T (a(r),a(r))<d T (T,f). 
The next lemma follows directly from the definitions. 
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Lemma 3. A post- singularly finite f in TE pq is combinatorially equivalent to a 
(p, q)- exponential map E = Pe Q iff a has a fixed point in Tf. 

8. Bounded Geometry 

For any r £ Tf, let r n = o" n (r ), n > 1. The iteration sequence r n = [//„] 
determines a sequence of finite subsets 

P f , n = w^(P f ), n = 0,1,2,- ■■ . 
Since all w^ n fix 0, f , oo, it follows that 0, 1, oo £ P/ j7l . 

Definition 5 (Spherical Version). We say f has bounded geometry if there is a 
constant b > and a point r £ Tf such that 

d S p(p n , q n ) > b 

for p n , q n £ Pf n and n > 0. Here 

is the spherical distance on C. 

Note that d sp (z, oo) = ^pppr Away from infinity the spherical metric and 

Euclidean metric are equivalent. Precisely, for any bounded S C C, there is a 
constant C > which depends only on S such that 

C~ l d sp (x, y) < \x - y\ < Cd sp (x, y) Wx, y £ S. 

Consider the hyperbolic Riemann surface R = C \ Pf equipped with the standard 
complex structure as the basepoint [0] £ Tf. A point r in Tf defines another complex 
structure r on R. Denote by R T the hyperbolic Riemann surface R equipped with 
the complex structure r. 

A simple closed curve 7 C R is called non-peripheral if each component of C \ 7 
contains at least two points of Pf. Let 7 be a non-peripheral simple closed curve 
in R. For any r = [/j] & Tf, let l T {l) be the hyperbolic length of the unique closed 
geodesic homotopic to 7 in R T . The bounded geometry property can be stated in 
terms of hyperbolic geometry as follows. 

Definition 6 (Hyperbolic version). We say f has bounded geometry if there is a 
constant a > and a point r £ Tf such that l Tn {l) — a f or all n > and all 
non-peripheral simple closed curves 7 in R. 

The above definitions of bounded geometry are equivalent because of the following 
lemma and the fact that we have normalized so that 0, 1, 00 always belong to Pf. 
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Lemma 4. Consider the hyperbolic Riemann surface C \ X , where X is a finite 
subset ofC such that 0, 1, oo e X , equipped with the standard complex structure. Let 
a > be a constant. If every simple closed geodesic in C\X has hyperbolic length 
greater than a, then the spherical distance between any two distinct points in X is 
bounded below by a bound b > which depends only on a and m = #(X). 

Proof. If m = 3 there are no non-peripheral simple closed curves so in the following 
argument we may assume that m > 4. Let X = {x 1 , ■ ■ ■ ,x m _i,x m = oo} and let 
| • | denote the Euclidean metric on C. 
Suppose — \xi\ < • • • < \x m -i\. Let M = \x m -i\. Then ja^l < 1, and we have 

n fell = fe=ii > m. 

2<i<m-2 1 11 1 z ' 

Hence 



max (fe^)>M^3. 

<i<m-2 I \xA ) 



2<i<m-2 L \x it 

Let 

Ai = {z e C I \xi\ < z < \x i+1 \} 

and let mod (A) = ^ be its modulus. Then for some integer 2 < i < 

m — 2 it follows that 

, . , . logM 

mod ^ a 

Denote the extremal length of the core curve 7 io in A io C C \ X by ||7z ||- By 
properties of extremal length, 

|| T II = 1 < Mm -3) 

ll7 * J mod(Ao)- logM • 
Since extremal length is defined by taking a supremum over all metrics and the area 
of C \ X which is 2n(m — 2) for every hyperbolic metric, 

l 2 T ( 7 ) a 2 



1 7<o I 



> — 71 . > 



2n(m - 2) ~ 27r(m - 2)' 



2 

Setting a' = 2n (rn-2) ' ^ nese inequalities imply 

27r(m-3) 

M < M = < •■' . 

Thus the spherical distance between oo and any finite point in X has a positive 
lower bound 6 which depends only on a and m. 

Next we show that the spherical distance between any two finite points in X 
has a positive lower bound depending only on a and m. By the equivalence of the 
spherical and Euclidean metrics in a bounded set in the plane, it suffices to prove 
that \x — y\ is greater than a constant b for any two finite points in X. 
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First consider the map a(z) = l/z which is a hyperbolic isometry from X to 
a(X). It preserves the set {0, 1, oo} so that 0, 1, oo £ a(X). For any 2 < i < m— 1, 
the above argument implies that l/\xi\ < Mq and hence \xi\ > 1/Mq. Similarly, for 
any Xi £ X, 2 < i < m — 1, consider the map j3{z) = z/(z — Xi). It maps {0, oo,£i} 
to {0,l,oo} so that (3(X) contains {0,1, 00} and it is also a hyperbolic isometry 
For any 2 < % < m — 1, the above argument implies that — Xi\ < Mq which 

in turn implies that \xj — Xj| > 1/Mq proving the lemma. □ 

9. Compactness 

The normalized functions in S p ^ q are determined by the p + q + 1 coefficients of 
the polynomials P and Q. This identification defines an embedding into C p+q+1 and 
hence a topology on £ Pj(r 

Given / £ TE pq and given any r = [/z ] £ Tj, let r n = o" n (r ) = [/x n ] be the 
sequence generated by ex. Let w^ n be the normalized quasiconformal map with 
Beltrami coefficient Then 

E n = o f o (w^ 1 )- 1 e£ p<q 

since it preserves fiQ and hence is holomorphic. This gives a sequence of maps in 
S PtQ and a sequence of subsets P/ in = w tin (Pf). Note that Pf in is not, in general, the 
post-singular set Pg n of If it were, we would have a fixed point of a. 
Recall that Qf denotes the set of critical points of / and that 

S f = f(Q f )U{0,oo} 

denotes the set of singular values of /, that is the critical values and asymptotic 
values of /. Then 

n En = w^(n f ) 

is the set of critical points of E n and 

s En = E n (n En ) u {0,00} = w^(Sj) 

is the set of singular values of E n . One can check that 

0, 1, OO £ S En C Pf jH 

and 

E n (l) = w^(f(l))eP f , n . 

That is, all singular values are in the set Pf n for which we posited the bounded 
geometry condition in section |8} In this section we will use this fact about S En and 
the bounded geometry condition on {Pf >n } to deduce that the sequence {E n } for 
a post-singularly finite / £ TE p>q is compact. As we pointed out in the previous 
section, to avoid a separate discussion of the simplest case, we always assume that 



i^(Pf) > 3. We will use this compactness condition in section 10 

From a conceptual point of view, the compactness condition is very natural and 
simple. From a technical point of view, however, it is not at all obvious. To present 
the ideas clearly, we divide our proof into two parts. We first give the slightly simpler 
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proof for / G TE 0iq with f(l) ^ 1 and then give a detailed argument in the general 
case / E TE Pjq . 

Because we are interested in compactness, the arguments all involve taking sub- 
sequences. For readability, we always tacitly assume we work with an appropriate 
subsequence in the following arguments and, without saying so, use the same index 
n for the subsequence. 

We begin with a simple lemma about polynomials. We leave the proof to the 
reader as an exercise. 

Lemma 5. Let f be a polynomial of degree d. If every critical point of f is also a 
root of f , then f(z) = a[z — c) d for some constants a and c. 

The next lemma is interesting as a result in the theory of polynomials. We 
have a family of polynomials /„ and are interested in what happens to the roots of 
subsequences when the coefficients tend to zero or infinity. In the lemma we talk 
about "sequences of roots" so we need to have a way to keep track of which root 
is which and thus we assume the roots are labelled by decreasing absolute value. 
In the application, where the polynomials come from iterating the Thurston map, 
keeping track is not a problem because once we label the roots and critical points 
of the given /, the labels of the corresponding points for E n are determined by w^ n . 

Lemma 6. Let d > be an integer and f n (z) = a^ tn z d + . . . +ai, ra <2 + ao,n be a family 
of polynomials of degree d. Then, passing to a subsequence, one of the following 
must occur: 

(i) f n converges to a constant. 

(ii) f n converges to a non- constant polynomial of degree less than or equal to 
d. Set limad, n = a. If a ^ the degree of the limit polynomial f is d; if 
a = the degree of the limit is strictly less than d and there exists a sequence 
of roots £ n of f n such that £ n — >■ oo. If there are k < d sequences of roots 
ij,n, j = l,...,k with £j^ n — > oo, then the first k coefficients of the limit 
polynomial vanish. 

(iii) f n converges to oo except for at most d points. 

Proof. Let M n = max{|ad, n |, • • • , |°o,n|}- If M n — > 0, then on any compact subset of 
C, /„ converges uniformly to 0. 

If M n is bounded but does not tend to and if lima^n = a ^ 0, f n converges 
to a non-constant polynomial of degree d. Such a polynomial has d roots counted 
with multiplicity. Assume that is not a root of /„; if it is, write /„ = z v f n [z) and 
proceed with the argument for /„. 

If a = 0, then the degree of the limit polynomial is less than d. Write /„ = ad^Qn 
where g n is a monic polynomial whose coefficients are symmetric functions of the d 
(not necessarily distinct) roots £i >n , • • • , £ d>n . Write 

(2) g n ( Z ) = (Z-^) ■ ■ ■ = Z d ~(^ n + - ■ ■+Un)z^ l + - • - + (-l) d £l,n • • • &,„■ 
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We see that if all the roots remain bounded, the coefficients of g n remain bounded. 
Since by assumption a = 0, it follows that M n — > contradicting the assumption 
that lim M n ^ 0. Therefore there is at least one sequence of roots £j >n that converges 
to infinity. Suppose the roots are labeled in decreasing order of magnitude and that 
the first k roots £i in , . . . , converge to infinity and the others remain finite. The 
product ad,nii,n ■ ■ ■ £k,n is one of the summands in dd-k,n, so if it tends to zero, by the 
ordering of the roots, it follows that the whole coefficient tends zero. Now consider 
the remaining coefficients a d _j )n ,j > k. Although their summands contain products 
of d — j > d — k roots, they must also tend to zero. This is because a^ n is tending 
to zero and any roots in the product that are not among the first k are finite. This 
contradicts limM n ^ 0. Therefore | lima<i, n £i,n . . . £fc jn | has a non-zero limit there 
exists a C > such that 

C 1 < |a<i,n£l,n • • • £k,n\ < C. 

For the coefficients, a<2_.,>, j < k, the summands each contain a proper subset of 
the factors ad, n £,i,n-, ■ ■ ■ , £,k,n and these all have limit 0. 

If M n is unbounded write /„ = M n h n . From the last paragraph, we know that h n 
converges to a polynomial h. If the degree of h is less than d, then there exists a 
sequence of roots £ i>n of h n (and hence /„) such that £j 5 „ — > oo. If z is any point that 
is not a root of of the limit polynomial, that is, h(z) ^ 0, then f n (z) = M n h n (z) 
converges to infinity. Finally, if h has degree d, then \mia dn — oo. □ 

Theorem 2. Given an f G TE q with bounded geometry and /(l) ^ 1, then the 
sequence E n generated by Thurston iteration is contained in a compact subset of£ ^ q . 

Proof. In this case, 

E n (z) = e Qniz) . 
By our normalization Q n (0) = 0. Therefore 

Q n {z) = b q:n z q H h b 1:n z, b qin ^ 

We will prove that Q n is contained in a compact subset of the space of all polynomials 
of degree q. 

Let M n = m&x{\b qtn \, ■ ■ ■ , |&i, n |}- If passing to a subsequence, M n — > 0, there 
exists a subsequence of Q n which converges to on any compact subset of C. This 
implies that the sequence E n {l) ^ 1 in Pf n tends to 1 as n — )■ oo, which contradicts 
the bounded geometry condition. This contradiction shows that the sequence M n is 
bounded away from 0. 

In the case that M n is bounded, Q n has a convergent subsequence with a limit 
polynomial Q of degree less or equal to q. From the previous paragraph, we know 
that limM n = M > 0. If degQ = q, it belongs to £o j(? and Q n is in a compact subset 
of £o,g as claimed. 

Now we claim that if lim M n = M > and / has bounded geometry then deg Q = 
q. We prove the claim by contradiction. Suppose 1 < degQ < q- Let Q n = b q ^ n g n) 
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where b qiTl is the leading coefficient of Q n . Then b q ^ n — »■ 0. Suppose the critical points 
of g n are Ci, n , • • • , £ g -i,n- We have 

= l( Z ~ £l,n) ■•■(«- £?-l,n) = 
- (£l,n + • • • + i q -l,n)z q - 2 + ■■■ + {-l) q -%,n • ' • £,-!,„). 



Then 
Thus 



bq-l, n — ~bq,n H + £g-l,n)j ' " " j &l,n = ^>q,n{ — l) 9 <7£l,n ' ' ' £g-l,n- 



9 

By lemma [6j there is at least one sequence of critical points ^ n going to oo as 
n — > oo. Suppose the sequences are ordered by decreasing magnitude and only the 
first k, 1 < k < q— 1, sequences of critical points £i )n , ■ ■ • , £fc.n tend to oo as n — > oo. 
Note that the sequences may tend to infinity at different rates so that the first I < k 
sequences grow at the same (fastest) rate. 

Since the sequence M n is bounded and bounded away from 0, by the proof of 
lemma [6j there is a constant C > such that 

(3) C |£l >n ' ' ' 6fc,n| 1 < \bq,n\ — C|^l,n ' ' ' £fc,n| ■ 

Furthermore, since the £j )n are ordered by decreasing magnitude, there is another 
constant, C\ > 0, such that 

(4) cr 1 < ||4 ^ °i> v i < ^ < / 

|sl,n| 

and 

(5) jH^ ' V/<j<g-l. 

Isl,n| 

Consider any critical point 1 < i < I. Then 



Qn(£,i,n) bq,n9n(tii,n) n 



By (|3j), Q and (pj), & 9 , n Ci, n - ^ oo so that if the critical value Q n (£i,n) were bounded, 
it would follow that 



1 



I. it 



tended to 0. Let 

£,i,n 
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By our assumptions about the sequences £ i)n , it follows that c$ ^ 0, 1 < i < I, C\ — 1 
and q = 0, I < i < q — 1. Thus 



n— >oo £? n— >oo 



Jo^'" g(£l,n^ — ^ 1;n ) ■ ■ ■ (tji^Z — £g-l,n)^(£l,re^) 
n— >oo r f 

_ Io'C C! - l - 1 (C-ci)---(C-ci)dz _ 

q " 

Set F(z) = J z q ~ l ~ x {z — ci) ■ ■ • [z — ci)d(. Then F is a polynomial of degree q and 
its critical points are 0, with multiplicity q — I — 1, and q, 1 < i < I. Moreover by 
equation its zeros are c», 1 < i < I, and with multiplicity q — l. By lemma |5j 
this implies all the q = which is a contradiction. Therefore there exists an i, 
1 < i < I, such that Q n (£,i,n) oo as w -)■ oo. 

There are two ways that Qn(6,n) can tend to oo as n — )■ oo: (1) the values Q n {£,i,n) 
tend to oo and remain inside asymptotic tracts, or (2) the values of Q n (£,i,n) tend to 
oo asymptotic to a Julia direction. This is a dichotomy that comes up over and over 
again. In the first case, the critical values E n (£ i)n ) = e Q "^^ & Pf )fl tend to either 
or oo as n — > oo depending on which asymptotic tract the subsequence Q n (£,i,n) 
lies in. This contradicts the bounded geometry condition. In the second case, the 
critical values £?n(£i,n) = e Qn ^^ G Pf >n remain bounded but one of the winding 
numbers in the topological constraint t]E n as defined in section [4] increases to oo. 
Since r\^ n = f]f, this is a contradiction so that degg = q proving our claim. 

Now we claim M n unbounded also implies degg = q. Suppose there is a subse- 
quence of M n converging to oo. By our notational convention, M n — > oo as n — > oo. 
Consider g n = Q n /M n . Then the coefficients of g n remain bounded and g n converges 
to a nonconstant polynomial g ^ 0. By lemma [6] and the the discussion above, if 
the degree of g were less than q, there would exist a sequence of critical points £j )Tl 
of g n such that g n {£,i,n) — > oo and hence that Q n (£,i,n) = M n g n {^i^ n ) — > oo. We have 
the same dichotomy again, and, as above, in both cases either bounded geometry or 
the topological constraint is violated so that degg = q. 

Finally we claim that the assumptions M n is unbounded and degg = q also lead 
to a contradiction. In this case, by lemma |6j all the critical points of g n are bounded 
and we can find convergent subsequences £j in . Let q = lim^oo £ iin ; then both q 
and Hindoo g n ((,i,n) = g(c«) are bounded. The bounded geometry condition implies 
that all the critical values of Q n (£,i,n) are bounded and bounded away from 0. Since 
Qn{ii,n) = M n g n (^ n ), it follows that lim^oo = g(ci) = for all 1 < % < q-1 

so that Ci, i = 1, . . . , q, are both critical points and roots of g. Lemma [5] implies 
that g(z) = a{z — c) q . But g(0) = linv^^ Q n (0) = so that c = q = for all i. 
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This further implies that 

bin 

lim — ^— = 0, V l<i<g - 1 and lim \b qn \ = lim M n = oo. 

n— >oo n n— >oo ' n— >oo 

Now consider the sequence 

As above there are two ways that b q , n and hence Q n (l) can tend to oo as n — > oo: 
(1) the values Qn(i) tend to oo and remain inside the asymptotic tracts, or (2) they 
approach oo asymptotic to a Julia direction. 

In the first case, the critical value E n (l) G P/ in tends to or oo as n — > oo depend- 
ing on which asymptotic tract the subsequence lies in contradicting the bounded 
geometry condition. In the second case, the critical value E n (l) G P/ jn remains 
bounded but at least one of the winding numbers in the topological constraint r] En 
of section [4] increases to oo. This contradiction completes the proof of the theo- 
rem. □ 

The ideas in the general case where the degree of the polynomial P in E is positive, 
are basically the same but the techniques for dealing with polynomials and critical 
points of E are more complicated. We start by investigating critical points and 
critical values of a sequence of polynomials f n of fixed degree d > 0. Suppose 

f n (z) = a d , n z d H h a ltU z + a 0>n , a d) n ^ 0, n = 1, 2, • • • . 

Let £ i n (i — 1, ■ • ■ , d — 1) be the critical points of f n labelled by decreasing order of 
magnitude and set 

M n = max {K„|}. 

i<i<d~i ' 

By passing to a subsequence, we assume that lim„_ s . 00 M n = M. There are three 
possibilities: 

(1) M = 0, 

(2) < M < oo, 

(3) M = oo. 

In case (1), part (1) of Lemma [6] implies that f n — > uniformly on any compact 
subset in C. We deal with case (3) in the following lemma. 

Lemma 7. Suppose M = oo and / n (0) = 0, then either 

(i) there exists a sequence of critical points £ ijri such that fn(£,i,n) oo or 

(ii) f n (z) = a d:U z d and lim n a dj „ = oo. 

Proof. Consider g n = f n /M n so that g n converges to a nonconstant polynomial g. 
If the degree of g is less than d, the degree of g' is less than d — 1 and lemma [6] 
implies that there exists a sequence of critical points £j )Tl tending to infinity. The 
argument of theorem [2] showing that if the critical points of Q n tend to infinity, the 
corresponding critical values do applied here shows that g n (£i,n) — > oo. This in turn 
implies that = M n g n (^ n ) -» oo as n oo. 
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If the degree of g is equal to d, then all the sequences of critical points £ ijn and the 
corresponding sequences of critical values g n (£i,n) are bounded. Let c$ = lim^oo £ i>n 
so that Ci, i = 1, • • • , d — 1, are the critical points of g and lim n _>.oo gn{£i,n) = g{ci) 
are the corresponding critical values. If all the sequences of critical values f n {£i,n) 
are bounded, since f n (£,i,n) — M n g n {^i tn ) and M = oo, we conclude that g{ci) = 
for all 1 < i < d — 1. Now lemma [5] implies that gf(^) = a(z — c) d , and since g(0) = 0, 
c = Ci = 0. This further implies the assertions of the lemma 

f n (z) = a dtn z d and lima di „ = 00. 

n 

□ 

Now we consider case (2). In this case, all the coefficients remain bounded 
and a subsequence of /„ converges to some /. If degf = d, then all the critical 
points £ i n are bounded and converge to the critical points of /. 

If degf < d, there is at least one sequence ^ i>n that tends to 00 as n — > 00; we 
may assume the critical points are labeled in decreasing order of magnitude so that 
the first k, 1 < k < d — 1, points £i >n , ■ ■ ■ , ^ n go to infinity and the remaining ones 
stay bounded. We may also assume the first / critical points, 1 < I < k, £i, n , • • • , 
£j jn grow fastest. Taking appropriate subsequences, this means 

lim 77^4 = (H, V 1 < i < I, < Ci < 00. 

n ^°° 16, n I 

and 

lim |m =0, V I + 1 < j < k. 

In addition there is a constant C > such that 

\£,s,n\<C, y k + l<s<d-l. 

We will need to consider the following situation. Let Q n 6 C be a sequence of 
non-roots converging to infinity. What can we say about lim/ n (£ n )? Consider the 
following examples: 

(7) f hn {z) = i(* - (n + 1) 2 )(^ - (n + 2))(z - (n + 3)) 

(8) f 2 , n (z) = - A {z - (n + l) 2 )^ - (n + 2))(z - (n + 3))(z - 1) 

(9) / 3 , n (z) = - (n + 1) 2 )(^ - (n + 2))(* - (n + 3))(* - l)(z - 2) 

(10) f 4 , n (z) = -(z-(n+ \)){z - (n + 2)){z - (n + 3))(z -l)(z- 2){z - 3) 

n 6 

The limit polynomials are respectively, f\ = —1, f 2 = —{z— 1), 
fs = — (z — l)(z — 2), and f± = — (z — l)(z — 2){z — 3). Note that there are sequences 
( n of non-roots converging to infinity for which we cannot interchange the limits; 
that is, for all j, lim /■,■,„(£») ^ fj(lim( n ). 
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In each case there is a sequence ( n closely following, say, the root n + 2 of fj )Tt 
such that lim n (/ 3jn ((' n )) ^ fj(n). We have 

lim/i jn (n) = 

lim f 2 , n {n) = 
lim/ 3in (n) = -6 
lim/ 4 ,n(w) = -6 

These examples illustrate that the behavior of f n {(n) depends delicately on the 
number of roots that go to infinity, how fast they go to infinity, and which roots Cn 
is asymptotic to. In the next propositions we address this problem in the situations 
where we will want to apply it. 

Proposition 2. Suppose that we have a sequence of polynomials f n of fixed degree d 
converging to a polynomial of lower degree but not identically zero. Write the roots 
as £i jn , . . . £d,n and assume the first k of these roots go to infinity, but the others stay 
bounded. 

Assume that there is a sequence of non-roots ( n converging to infinity closely 
following each of the roots that tends to infinity. That is, for j — 1, . . . , k, ( n — £,j,n = 
aj :n and aj = limaj in is a finite non-zero constant. Then, if lim f n (( n ) ^ 0, oo ; we 
have k = d/2 and for all j = 1, . . . k, lim C.j^o^Jn is finite and non-zero. 

Proof. Write f n (Cn) = Orf iTl II^ =1 (^ n — and assume first none of the roots are zero. 
Since the limit polynomial is not zero, lima^ n ^i,n ■ ■ ■ £d,n 7^ and as in lemma |6j 
lima djri £i iri . . . £ fejn ^ 0. Write f n as follows: 



/-, -, \ /n(Cn) (Cn 4~fc+l,n) • • • (Cn £,d,n) 

(11) 2 2 = «!,„... a k ,; 



(^d,n<,l,n ■ ■ ■ <,k,n Sl,n ■ ■ ■ Si 



k,n 



By hypothesis, for any j — 1, . . . , k, Cn is comparable to each of the first k roots; 
that is lim |Cn/4\?>| is finite and non-zero 1 < j < k. Since the remaining roots stay 
bounded, lim |Cn/4\?>l = °°> * = k + 1, . . . ,d. Suppose first k < d/2. We rewrite 
equation (11) as 

/n(Cn) /Cn £,k+l,n\ / Cn £,2k \ / /, * \ //. ^ \ 
ai,n ■ ■ ■ Oik,n{ -2 ) ■ ■ ■ ( 2 j(Cn ~ C,2k+l) ■ ■ • (Cn ~ Kd,nj- 



^d,nSl,n • • • Sfc,n sT,n £,k,n 

The first 2k factors have finite non-zero limits and the rest converge to oo so the 
limit of the product is oo. Now suppose k > d/2. Rewriting again we have 



/n(Cn) (Cn — Cfc+l,n) • • • (Cn — £d,n) 

- Qi n . . . a k . 



Ojd,n^l,n ■ • • 4^fc,n Si, n • • • £,d—k,n Cd— fc— l,n ■ ■ • ^d,n 

Now the first 2k — d factors have finite non-zero limits and the last converges to 
so the limit of the product is 0. It follows that k = d/2. 
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By hypothesis there are constants such that 

< c - k < < C k for all n 

Sl, n 

which, because £k+i,n ■ ■ ■ £d,n are finite, implies that \imad, n (,i tn an d ^ ma d,nCj, n f° r 
j — 1, . . . , k are finite and non-zero. 

If zero is a root of / of multiplicity v > 0, write / = z v g and apply the above to 
g. □ 

In the above proposition we assumed that the roots that tend to infinity all grow 
at comparable rates. The sequence of functions f^ n illustrate this proposition. In 
the next proposition, some of the roots tend to infinity faster than others. It is 
illustrated by the functions fz, n - 

Proposition 3. Suppose that we have a sequence of polynomials f n of fixed degree 
d converging to a polynomial of lower degree but not identically zero. Write the 
roots as £i in , . . . an d assume the first k of these roots go to infinity and that they 
are labelled in decreasing order of magnitude. Assume that there is a sequence of 
non-roots ( n converging to infinity with the property that for the first r of the roots, 
j = 1, . . . , r, lim£„/£j )n = 0; for the next s roots, j — r + 1, . . . , r + s, there are 
finite non-zero constants otj such that lim(C n — £j jfl ) = af, and, for the remaining 
k — r — s roots tending to infinity, j = r + s + 1, . . . , k, limCn/£j, n = oo. Assume 
that lim/ n (C n ) ^ 0, oo. 

Next assume that there is another sequence of non-roots r\ n converging to in- 
finity faster than ( n and asymptotic the roots ^ i>n , i — t, . . . , r, t > 1 ; that is, 
lim \f]n/Cn\ = oo and for each % — t, . . . ,r, \im.7] n — £j jTl = 0i is finite and non-zero. 
Then lim f n (r) n ) = oo. Similarly, if r] n converges to infinity slower than ( n , and is 
asymptotic to £j j7l , i — ti, . . . , ti, r + s + 1 < t± < ti < k, then lim f n (Vn) = 0. 

Proof. Again, write f n as 

/n(Cn) i Cn -i\ / Cn -,\ 

— / • • • V > )(%r+l,n ■ ■ ■ &r+s,n 



Q(i,nCl,n • • • Cfc,n Cl,n 
( Cn ^ ^ Cn ^ (Cn £k+l,n) ■ ■ ■ (Cn £d,n) 



nt.n I 



Cr+s+l,n Cfc,n Cr+l,n • • • £,r+s,n 

Assume lim \r] n /( n \ = oo, and for i — t, . . . , r, lim \r) n /^ itn \ = 1 so that lim |Cn/&. 
0. Because |^ n | > \£t,n\ f° r j < it follows that lim |Cn/£j,n| = for all % < r. This 
implies that the product of the first r factors is (— l) r . The product of the a^s is 
finite by hypothesis so there are r + s finite factors. The finiteness of the limit of the 
left hand side therefore depends on the remaining factors some of which may tend 
to zero and others of which may tend to infinity. In particular, the terms between 
a r+s and the last fraction on the right all tend to infinity. The final fraction on the 
right has s terms in the denominator and d — k terms in the numerator. If d — k < s 
the fraction breaks into s factors each tending to a non-zero finite limit or infinity 
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and d — k — s factors that tend to infinity so that f n {Cn) cannot have finite limit 
contrary to hypothesis; thus s < d — k. 

Now suppose lim \Vn/(n\ = oo and consider 

fn\Vn) i Vn 1 n r Vn 1 n / n / n 

1) • • • (7 l)ar+l,n (??«.) • • • air +Sin {r} n ) 



(hi 

Vn ^ , Vn -g {Vn ~ &+!,») • • ■ {Vn ~ Cd,n) I 



lr+s+l,n ' Zr + l,n • • • tr+d-k,n Zr+d-k+l ■ ■ ■ Zr+s 



where aj(r) n ) = Vn ~ Cj,n- 

Term by term, except for the last, the factors each grow at least as fast as the 
corresponding terms in the expression for /(Cn); the last factor tends to zero at the 
same rate. Moreover, the aj(Vn) terms all tend to infinity so the product must tend 
to infinity as claimed. 

If lim|?7 n /£ n | = 0, all but the last factor grows slower than the corresponding 
factor and the aj(rj n ) terms tend to zero so the product tends to zero as claimed. 

□ 



Now we can state our compactness result in full generality. 

Theorem 3. Given a post-singularly finite f G TE Ptq with bounded geometry the 
sequence E n generated by Thurston iteration is contained in a compact subset of £ p , q - 

In our discussion of functions in S p i(J we had to normalize differently depending on 
whether or not the origin was a fixed point of the function. In the following theorem 
we make this distinction by writing the functions in £ p + u , q as E(z) = \z u P(z)e®^ 
with -P(O) = 1 so that the degree of the polynomial multiplying the exponential 
is p + v and v is the number of its zeros. Recall that if v — 0, the functions are 
normalized so that A = 1 and E(0) = 1. If v > 0, the functions are normalized so 
that for a chosen critical point £ with non-zero critical value, A is defined by the 
condition E(£) = 1. 

Proof. The special case P n = 1 is the content of theorem [2] We begin here with the 
proof of the theorem for v = and p > 0: 

E n (z) = (a p , n z p + a^zP- 1 + ... + l)e Q ^ z) . 

We have E' n = f n e Qn where 

f n ( Z ) = P n (z)Q' n (z) + P' n { Z ) = C q+p ^, n Z^ p - 1 + ...+ C , n 



is the critical polynomial. 
The coefficients c m>n are 
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(12) Co, n — ai >n + bi tn , C\ t n — 2&2,n + <2l,rA,n + 2o>2,n, 

rn 

(13) c m , n = kbk,na m -k,n) + ma m , n , m = 2 . . . ,q + p - 2, 

k=l 

(14) Cq-\-p—\^ n Qdp t nbq,n- 

with the convention that for m > p, a m n = and for m > q, 6 m n = 0. 

We first rule out the case that lim^oo max{|aj jri ,|} = and lim^oo max{|6 m „|} = 
0. On any compact set, P n and Q n converge uniformly to so that limi? n (l) = 
violating bounded geometry. 

Assume that all the ai^ n and b m , n have finite limits. If neither the limit of a Pi „ nor 
the limit of b q , n is zero, the functions E n converge to a function in the space. 

Recall that if r is a root of P n but not a root of P' n it cannot be a root of f n so 
that any root of P n that is a root of f n must be a double root of P n . As we did for 
Q n , taking out factors with multiple roots, we write P n = D n S n and P' n = D n R n 
so that D n is monic, both D n and S n have factors with the multiple roots but the 
roots of R n are not roots of P n . Then 

fn = Dn(S n Q' n + Rn) 

and if the degree of f n goes down, the degree of S n Q' n + R n goes down too. It follows 
from lemma [6] that if the degree of f n goes down there is a sequence £ n of roots of 
SnQ'n + Rn that converge to infinity; by definition, these are not roots of P n . Notice 
that since the degree of f n is p + q — 1, and is a root of Q n but not a root of P n , 
P n and Q n can have at most m&x{p — 1, q — 1} < p + q — 1 common roots. 

In order for the degree of /„ to go down, limcq +p _i jn = so either (1) a p = 
lima Pin 7^ and b q = limb qjn = or (2) a p = lima Pi „ = and b q = limb q ^ n ^ or 
(3) both limits are 0. In any case, there is a sequence of critical points £ n converging 
to infinity that are not roots of P n - In (1), limP n is a finite polynomial of degree p 
and limP n (£ n ) converges to infinity. In (2), limQ n is a finite polynomial of degree 
q, and the roots of Q n converge to finite values. Since the sequence of critical points 
£ n converges to infinity, for large n, £ n is not a root of Q n . We thus conclude Q n (Cn) 
converges to infinity. 

In (1), whether limQ n (£ n ) is bounded or limQ n (£ n ) is unbounded in a Julia 
direction so that e Qn remains bounded, limi? n (£ n ) = oo; if limQ n (£ n ) is unbounded 
in a non- Julia direction e^" has limit or oo. Since e® n ^ is the dominant term in 
En(£n), lim i?n(£n) is or oo. Bounded geometry rules out each of these possibilities 
so the first case cannot occur. 

In (2), if limQ n (£ n ) is unbounded in a non- Julia direction E n {Cn) goes to or oo. 
If limQ n (£ n ) is unbounded in a non- Julia direction and P„(£ n ) goes to or oo then 
En(£n) does the same. Bounded geometry rules out these possibilities. If limQ n (£ n ) 
is unbounded in a non- Julia direction and P n {^ n ) is finite then E n {£, n ) remains finite 
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but violates the topological constraints; that is, at least one of the winding numbers 
in rj n goes to oo. 

In (3), since both limits a p and b q are zero, qa p , n b q ^ n goes to zero faster than 
either a Pi „ or qb qtn separately. Let £i >n , . . . ^k,n be all the roots of S n Q' n + R n that 
converge to infinity. If, for any j = 1, . . . , fc, lim P n (£j,n) — 00 then, arguing as above, 
lim E n (£j >n ) is either or oo; if limP n (£ Jin ) = 0, again by the above, lim E n (^j jn ) is 
either or oo; and arguing yet again as above, if lim Q n (£.,•_„) = oo either E n (^ n j) 
converges to or oo or the topological constraint is violated, r\ n — » oo. 

We claim that these are the only possible cases. Suppose not; that is, suppose 
that for all j — 1, . . . , k, limP n (£j )n ) is finite and non-zero and lim Q„ (£.,>) is finite. 
This implies that to each j there must be a root r^ n of P n converging to infinity such 
that lirn(£j )n — rj )H ) = ctj, where aj is finite and non-zero. By proposition [3j if the 
roots converge at different rates, for one of the roots we would have lim P n (£j >n ) = 
or oo. 

Now we can apply proposition [2] to P n , to conclude that k = p/2, and that the 
growth rate of each r^ n is 1/fc; that is, there exists a positive constant C\ such that 

r- x \n~ x l h \ <\ 1 I < r \ n - l i k \ 

W \a p ^ | S |- — | S W| a P ,n I 

and therefore 

r- 1 \rr 1 / k \ < I — I < rArr l / k \ 

This implies 

^r*K»l < n*|^-| < c*|a-ii. 

Applying the proposition to the critical polynomial we have 

^IfevWr 1 < | n ^| <C2\{qa p , n b q ,n)\' 1 

Together these imply limfe g n 7^ 0, contradicting our assumption. 

Since either bounded geometry or the topological constraint is violated, the co- 
efficients of the critical polynomial f n cannot remain bounded if the degree of the 
polynomial goes down. 

The final step is to rule out the possibility that some of the coefficients of f n tend 
to infinity. If this happens, either some a» )fl , i — 1, . . . , p or some b m>n , m — 1, . . . , q 
tend to 00. Again there are several cases. (1) 1 is not a root of P n and some a^ n goes 
to infinity. In this case, P n (l) does too and bounded geometry is violated. (2) All 
the ai )n remain finite and 1 is not a root of Q n . In this case, Q n (l) goes to infinity 
and bounded geometry or the topological constraint is violated. (3) The remaining 
possibilites: 1 is a root of P n or if it is not a root of P n and all the aj >n remain finite 
but 1 is a root of Q n . To deal with this case, we look at critical points. 

Let £j )tl be a sequence of critical points that are not roots of P n . If, for some 
6,n> Pn(€i,n) converges to either zero or infinity then again bounded geometry is 
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violated. Similarly, if Q n (£i,n) converges to infinity, either bounded geometry or the 
topological constraint is violated. 

If any of the £j iTl remain finite then either P n or Q n (£i )Tl ) converges to infinity 
so we may assume that all the £j >n converge to infinity. If, for some i,j, lim \£i. n /£,j.n\ 
converges to zero or infinity, then one of P n (£i,n) or P n (£j,n) converges to zero or 
infinity. So we may assume the critical points all converge to infinity at the same 
rate and since we are assuming P n and Q n converge to finite values for these points, 
each must be asymptotic to both a root of P n and a root of Q n and so these roots 
are not finite. 

Suppose B n = max{|a ijn |, \bj. n \, \c k>n \} and write P n = B n g 1>n , Q n = B n g 2)n and 
/„ = B n g 3 n . Now since the gk >n have bounded coefficients we can apply proposition [3] 
to gi >n to deduce that each must grow like \a Pjn /B n \ 2 ^ p . Applying it to g2, n we 
deduce that each £j i7l grows like \b Q)n / B n \ 2 / q and applying it to g^ n we deduce that 
each £i >n grows like \qa p>n b q ^ n / B n \ 2 ^ p+q ~ 1 \ This gives us the contradiction for this 
case so either bounded geometry fails or the topological constraint is violated when 
the coefficients in E n are unbounded and the theorem is proved for v = 0. 

We turn now to the situation where v > and the origin is a fixed point of E n . 
Recall our normalization: E n (z) = X n z u P n (z)e® n ( z \ v > 1, is a sequence of entire 
functions with P n and Q n polynomials of degrees p and q respectively such that 
-P(O) = 1. We choose a critical point £ of / such that /(£) ^ 0. Then £ n = u^ n (£) is 
a critical point of E n such that E n (£ n ) ^ (and hence P n (Cn) ^ 0) and we normalize 
so that A n is defined by the condition E n (^ n ) = 1 

We first treat the case v > 0, p = so that P n = 1. 

Set F n = z v e Q so that E n = X n F n . Both E n and F n have same critical points; 
zero is a critical point of multiplicity v — 1 and the other critical points are roots of 
the critical polynomial /„ = (zQ' n + is). It has degree q and the coefficient c m>n of 
z m is 

c m , n = m6 mjn , m=l,...q, c , n = v 
Since Q n also has q roots and one of them is 0, there is at least one root £ n of 
f n that is not a root of Q n . We choose such a sequence £ n of roots of /„ and set 
An = (fte'WW)- 1 . 

Since P ra = 1 we need only consider the coefficients 6 mj „ of Q n . If limmax{|6 m n |} 
is 0, then on any compact set both Q n and Q' n converge uniformly to 0. Therefore 
/„ converges to a constant and the critical points converge to zero or infinity. Thus, 
for the chosen non-zero critical point, £ n , either £ n — > and A n — > oo or £ n — > oo 
and A n ->■ 0. This implies E n (l) = X n e Q "^ ->■ or oo violating bounded geometry. 

Suppose all the b m ^ n remain bounded in the limit but lim^oc max{|& mjn |} ^ 0. If 
b q = limfeq^ 7^ 0, E n converges to a function in the space. 

If b q = 0, there is at least one sequence of roots of /„, £ n — > oo such that £ n is 
not a root of Q n . We choose one such sequence for our normalization. Because the 
exponential dominates, we have F n (£ n ) = ^e Qn( -^ — » or oo. 
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Now 

\ n = ^e' Qn{ ^ ] -> oo or 

so that 

E n {l) = ^-" e -<3n(€»)+0»(i) ^ oo or 0. 
We see that bounded geometry is violated proving the theorem for P n = 1. 

The last case is f > and p > 0. The critical polynomial is g n = z v ~ x f n where 

f n (z) = uP n (z) + z{P' n {z) + Q' n {z)P n {z)). 

The non-zero critical points of F n are roots of f n . The degree of f n is p + q. 
The coefficient of e m>n of z m in is 

Cm,n Cm— l,n "T ^flm.n 



where c m ,n are the coefficients in equations (12) and again our convention is that 
b m ,n = for m > q and a m ,n = for m > p. 

As we did for the v = case, we divide the argument into cases depending on 
what happens to the coefficients of the P n and Q n . We first rule out the case that 
lim^oo max{|a ijn |} = and lim^oo max{|6 m n |} = 0. In this case, on any compact 
set, P n , Q n and Q' n converge uniformly to 0. Any choice of a non-zero critical point 
£ n converges to or oo. Therefore limF n (l) — > 0. Because the exponential term 
dominates, A n = -F n (£„) -1 = C^(-Pn(£n)e Qn(5n) )~ 1 -> or oo, and E n (l) or oo 
violating bounded geometry and ruling out this case. 

Now assume that all the aj jTl and bj jn have finite limits (so that the c m ^ n ,e m)n do 
also) but that either lim^oo max{|a i)n |} ^ or linv^oo max{|6 m n |} ^ 0. If the 
degree of f n decreases, we must have e p+qjn — > and either a p = lima Pi „ = or 
b q = limbg^n = 0. As in the v = case, we can find a sequence £ n of roots of f n 
that are not roots of P n which converge to infinity. We choose such a sequence for 
the normalization. Applying the arguments we used above when v = 0, we see that 
either P n {£ n )e Qn ^ or oo, or it remains bounded, but the topological constraint 
is violated. We compute X n for each of these possibilities and see that 

A n = C^n(ar 1 e- Q " (C " ) ^ oo or 0. 
Therefore if 1 is not a root of P n we have E n (l) = \ n F n [l) — > or oo. If 1 is a 
root of P n , the critical point £ n has the orbit £ n , 1, 0. If there are no other critical 
points, the post-singular set has only three points and we have excluded this trivial 
case. Thus there must be be another critical point £ n whose critical value v n is is 
neither nor 1. We have 

Vn = E n (i n ) = XnC n Pn(L)e Q ^ n) . 

If £ n remains finite, v n converges to or oo violating bounded geometry. If £ n and 
£ n converge to oo at different rates, because A n depends on the growth rate of £ n , v n 
converges either to or oo. If they converge at the same rate, v n may converge to a 
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finite value v. Now both P n (v n ) and e Qn(Vn) remain bounded since their coefficients 
remain finite. This implies either v n — > or 1, or, since A n — > or oo, 

E n {v n ) = \ n v v n P n {v n )e Q ^ ^ oo or 

violating bounded geometry. It follows that the coefficients of P n and Q n can only 
remain bounded if the degree does not go down. 

If either the coefficients of P n or Q n are unbounded in the limit, \ n — > oo or 0. 
We saw in the v = case that either P n (£,n)e Qn ^ n ' > — > or oo, or it remains bounded 
but the topological constraint is violated. Again 

An = C^PniUr'e-^ ^ oo or 

so that E n (l) — > oo or unless 1 is a root of P n . If 1 is a root, we again let £ n be 
a different critical point whose critical value v n is neither nor 1. If v n converges 
to 0, 1 or oo, bounded geometry is violated. If not, we consider E n {y n ). Now v n 
remains bounded and £ n converges to oo. If lim^oo max{|aj )n |} = oo, both P n (^ n ) 
and P n {v n ) converge to oo but at different rates: lim P n (v n ) / Pn{£,n) = and similarly 
if lim n ^ 00 max{|6 mjn |} = oo, UmQ n (^ n )/Q n (v n ) = oo. It follows that 

E n (v n ) = vl^^eQ^-Q^) ^ oo or 

and again bounded geometry is violated ruling out this possibility and completing 
the proof of the theorem. 

□ 

10. The Main Result 
The main result in this paper is that 

Theorem 4 (Main Theorem). A post-singularly finite topological exponential map 
f G TE PtQ is combinatorially equivalent to a unique (p, q) -exponential map E = Pe Q 
if and only if f has bounded geometry. 

Necessity. If / is combinatorially equivalent to E — Pe®, then a has a unique fixed 
point t so that r n = r for all n. The complex structure on C \ Pf defined by r 
induces a hyperbolic metric on it. The shortest geodesic in this metric gives a lower 
bound on the lengths of all geodesies so that / satisfies the hyperbolic definition of 
bounded geometry. □ 

The proof of sufficiency is more complicated and needs some preparatory material. 
We defer it to the next section. 
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10.1. Proof of the Main Result - Sufficiency. Suppose / is a post-singularly 
finite topological exponential map in TE pq . For any r = G Tf, let T T Tf and T*Tf 
be the tangent space and the cotangent space of Tf at r respectively. Let be the 
corresponding normalized quasiconformal map fixing 0, 1, oo. Then T*Tf coincides 
with the space of integrable meromorphic quadratic differentials q = cf)(z)dz 2 . 
Integrablility means that the norm of q, defined by 



\ — / \4>(z)\dzdz 
Jc 



is finite. This condition implies that the poles of q must occur at points of w^(Pf) 
and that these poles are simple. 

Set f — a(r) — [ft] and denote by and w' 1 the corresponding normalized 
quasiconformal maps. We have the following commutative diagram: 

£\f-\Pf) ^>tW(j-\P f )) 

4- / -i 

C\Pf ^ C\w»(P f ). 

Note that in the diagram, by abuse of notation, we write f~ l (Pf) for / _1 (Pf \{oo})U 
{oo}. Since by definition /2 = f*/i, the map E = E^ = o f o (w^)' 1 defined on 
C is analytic. By Theorem [IJ E^ = P T f e^ T f for a pair of polynomials P = P T} f 
and Q = Q Tj f of respective degrees p and q. 

Let cr* : T T Tf — > T?Tf and a* : T~Tf — > T*Tf be the tangent and co-tangent map 
of cr, respectively. 

Let (3{t) = [//(£)] be a smooth path in Tf passing though r at t = and let 77 = 
/3'(0) be the corresponding tangent vector at r. Then the pull-back j3(t) = [f*fi(t)] 
is a smooth path in Tf passing though f at t — and 77 = a* 77 = /3'(i) is the 
corresponding tangent vector at f. We move these tangent vectors to the origin in 
Tf using the maps 

77 = (w^)*v and fj = (?x> M )*z/. 

This gives us the following commutative diagram: 

(w^y ~ 
V < — £ 

77 < — ^ 

Now suppose g is a co-tangent vector in T~ and let q = a*q be the corresponding 
co-tangent vector in T*. Then q = (fi(w)dw 2 is an integrable quadratic differential on 
C that can have at worst simple poles along w^{Pf) and q = <p(z)dz 2 is an integrable 
quadratic differential on C that can have at worst simple poles along w^(Pf). This 
implies that q = a*q is also the push-forward integrable quadratic differential 

q = E*q = (j)(z)dz 2 
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of q by E. To see this, recall from section [3] that E, and a choice of curves Lj 
from the branch points, determine a finite set of domains Wi on which E is an 
unbranched covering to a domain homeomorphic to C*. Since E restricted to each 
Wi is either a topological model for e z or z k , we may divide each Wi into a collection 
of fundamental domains on which E is bijective. Therefore the coefficient <fi(z) of q 
is given by the formula 

4>(w) 1 x - 4>(w) 



(is) cj)(z) = (C4)(z) = y ,t 1, = 4 y 

£(iu)=« V V " E(w)=z y P(w) ^ \ W )> 

where C is the standard transfer operator and (f) is the coefficient of q. Thus 
(16) q = <i>{z)dz 2 = — 



z 2 L^, ( P'M i Qt( w )\2 
E w\=z \ P(m) ^ \ ) ) 



E(w)=z \ P(w) 

It is clear that as a quadratic differential defined on C, we have 

\\q\\ < \\q\\- 

Since q is integrable and and oo are isolated singularities, it follows that q has at 
worst possible simple poles at these points so that the inequality holds on all of C. 
By formula (15), we have 

(q,£) = (q,Z) 

which implies 

< 



where this is the L°° norm. This gives another proof of Lemma [2] Furthermore, we 
have the following stronger assertion 
Lemma 8. 

Will < \\q\\ 

and 

\\fj\\ < \\r]\\. 

Proof. Suppose there is a q such that ||g|| = ||g|| 7^ 0. Using the change of variable 
E(w) = z on each fundamental domain we get 

f I ttt? — \r^dzdz= [ \(f)(z)\dz dz — [ \4>(w)\ dwdw 

h 1 E ^ =z (E'(w)y j c j t 

= W \4>(w)\dwdw= 0H 



(E'(w)) 



dzdz. 



By the triangle inequality, all the factors n^j^yp m 12e(w)=z (0fwfp have the same 
argument. That is, there is a real number a z for every z such that for any pair of 
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points w,w' with E(w) = E(w') = z, 

(f)(w) 4>{w') 



(E'(w)) 2 (E'(w')) 



2 ' 



Now formula (15) implies (j)(z) = oo which cannot be which proves the lemma. □ 

Remark 2. The real point here is that E has infinite degree and any q has finitely 
many poles. If there were a q with \ \q\\ = \ \q\ \ ^ and if Z is the set of poles of q, 
then the poles of q would be contained in the set E(Z) U Ve, where Ve is the set of 
critical values of E. Thus, by formula (15), 

E*q = <p(E{w))dw 2 = dq(w), 

where d is the degree of E. Furthermore, 

e- 1 (e(z)uv e ) czun E . 

Since d is infinite, the last inclusion formula can not hold since the left hand side is 
infinite and the right hand side is finite. 

An immediate corollary is 
Corollary 1. For any two points r and f in Tf, 

d T {a(T),a(f) s j < d T (r,f). 

Furthermore, 

Lemma 9. If a has a fixed point in Tf, then this fixed point must be unique. This 
is equivalent to saying that a post-singularly finite f in TE p q is combinatorially 
equivalent to at most one (p,q)- exponential map E = Pe® . 

We can now finish the proof of the main theorem. 

Proof of Sufficiency. Suppose that / has bounded geometry. Recall that the map 
defined by 

(17) E n = w» n o / o (w^ 1 )- 1 

is a (p, g)-exponential map. 

If q — 0, E n is a polynomial and the theorem follows from the arguments given 
in |CJ1] and |DH] . Note that if Pf = {0, 1, oo}, then / is a universal covering map 
of C* and is therefore combinatorially equivalent to e 2_1 . Thus in the following 
argument, we assume that #(-P/) > 4. Then, given our normalization conventions 
and the bounded geometry hypothesis we see that the functions E n , n = 0, 1, . . . 
satisfy the following conditions: 

1) m = #(w^(P f )) > 4 is fixed. 

2. 0,1, oo G w^(P f ). 

3) ^ n U{0,l,oo}C£->^( P/)) . 

4) there is a b > such that d sp (p n , q n ) > b for any p n , q n G w^ n (Pf). 
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As a consequence of theorem [3] we have 
Corollary 2. Suppose f G TE pq has bounded geometry and E is the corresponding 



family E n G £ PiQ defined by equation (11). Then E is normal. That is, there is a 
subsequence E n . converging to a map E = Pe Q G £ p>q where P and Q are polynomials 
of degrees p and q respectively. 

Any integrable quadratic differential q n G T*T~f has, at worst, simple poles in the 
finite set P n +\j = w' ln+1 (Pf). Since T* n Tf is a finite dimensional linear space, there 
is a quadratic differential q n , ma x G T*Tf with ||g nimaa ;|| = 1 such that 

< a n = sup ||(£ n )*g n || = IK-Bn)*^,^!! < 1- 
IMI=i 

Moreover, by the bounded geometry condition, the possible simple poles of {q n ,max)^=i 
lie in a compact set and hence these quadratic differentials lie in a compact subset of 
the space of quadratic differentials on C with, at worst, simples poles at m = #(-P/) 
points. 
Let 

a TQ = sup a n . 

n>0 

Let {ni} be a sequence of integers such that the subsequence a ni — > a T0 as i — > oo. 
By compactness, {E nt }°l has a convergent subsequence, (for which we use the 
same notation) that converges to a holomorphic map E G E VA . Taking a further 
subsequence if necessary, we obtain a convergent sequence of sets P ni , T0 = w^(Pf) 
with limit set X. By bounded geometry, jf(X) = #(-P/) and d sp (x,y) > b for any 
x, y G X. Thus we can find a subsequence {q ni ,max} converging to an integrable 
quadratic differential q of norm f whose only poles lie in X and are simple. Now by 
lemma [8j 

a T0 = \ \E*q\\ < 1. 

Thus we have proved that there is an < a TQ < 1, depending only on b and /, 
such that 

Ik* || < Ik* || < CLt - 

Let Iq be a curve connecting r and T\ in Tf and set l n = c/(^o) for n > 1 . Then 
/ = U^l / n is a curve in Tf connecting all the points {r n }^L . For each point f G lo, 
we have af < 1. Taking the maximum gives a uniform a < 1 for all points in l . 
Since a is holomorphic, a is an upper bound for all points in /. Therefore, 

d T (r n+1 ,T n ) < ad T (r n ,r n _i) 

for all n > 1. Hence, {r n }^l is a convergent sequence with a unique limit point 
in Tj and r M is a fixed point of a. □ 
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11. Concluding Remarks 

One can formally define a Thurston obstruction for a post-singularly finite (p, q)- 
topological exponential map / with q > 1. Because such an / is a branched covering 
of infinite degree, however, many arguments in the proof of the Thurston theorem 
in |DH] and |CJ1] that use the finiteness of the covering in an essential way, do not 
apply. Thus, how to use Thurston obstruction to characterize a (p, g)-topological 
exponential map / is not very clear to us. We can, however, define an analog of 
the canonical Thurston obstruction for a (p, g)-topological exponential map / which 
depends on the hyperbolic lengths of curves. 

Let a be the induced map on the Teichmiiller space Tf. For any r G Tf, and for 
n > 1, let r n = o" n (r ). Let 7 denote a simple closed non-peripheral curve in C \ Pf. 
Define 

r c = {7 I Vr G T f , l Tn (j) -> as n 00}. 

We have that 

Corollary 3. If T c ^ 0, then f has no bounded geometry and therefore, f is not 
combinatorially equivalent to a (p,q)- exponential map. 

The converse should be also true but we have no proof at this time. The reason 
is that in the characterization of the post-critically finite case for rational maps, 
many arguments in the proof of this converse use the finiteness of the covering in 
an essential way (see (PjJ ICJ2] ). 

A Levy cycle is a special Thurston obstruction for rational maps. It can be defined 
for a (p, g)-topological exponential map / as follows. A set 

r = {7l,-- - ,7n} 

of simple closed non-peripheral curves in C \ Pf is called a Levy cycle if for any 
7i G T, there is a simple closed non-peripheral curve component 7' of / _1 (7i) such 
that 7' is homotopic to 7i_i (we identify 70 with j n ) rel Pf and / : 7' — > ji is a 
homeomorphism. Following a result in |HSS] , we then have that 

Corollary 4 QHSSJ). Suppose f is a (0,1) -topological exponential map with finite 
post-singular set. Then f has no Levy cycle if and only if f has bounded geometry. 

We believe a similar result holds for all post-singularly finite maps in TE Piq but 
we do not have a proof at this time. 
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